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Abstract
We show that a hairy black hole solution can provide a holographically dual description of quark
confinement. There exists a one-parameter sensible metric which receives the backreaction of
matter contents in the holographic action, where the scalar and gauge field are responsible for the
condensation of chromomagnetic monopoles. This model features a preconfining phase triggered by
second-order monopole condensation and a first-order confinement/deconfinement phase transition.
To confirm the confinement, the quark-antiquark potential is calculated by probing a QCD string in
both phases. At last, contribution from Kaluza-Klein monopoles in the confining phase is discussed.
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The holographic correspondence between a gravitational theory in the bulk and a quan-
tum field theory on the boundary, first emerged under the anti-de Sitter/conformal field
theory (AdS/CFT) correspondence [1–3], has been proved useful to study condensed matter
phenomena. In particular, the authors in [4, 5] proposed a gravity model in which Abelian
symmetry of Higgs is spontaneously broken by the existence of black hole, also known as
hairy black hole. This mechanism was incorporated in the model of superconductivity and
critical temperature was observed [6, 7]. This model was later studied in the presence of
magnetic field [8, 9] and with full backreaction [10].
On the other hand, the AdS/CFT analogy has also explained many qualitative and
quantitative features of confining gauge theories like QCD, either by engineering branes
and strings in the ten dimensional string theory [11, 12], or by bottom-up construction of
a Randall-Sundrum like background [13, 14]. In particular, holographic models of decon-
finement were first discussed in the Sakai-Sugimoto model at finite temperature[15] and the
hard/soft wall model[16]. In all cases, the confinement/deconfinement transition is identi-
fied as the first-order Hawking-Page phase transition, where the thermal AdS is energetically
favored at low temperature, while a black hole solution at high temperature [17]. In this
paper we propose the first holographic confinement model without using the Hawking-Page
phase transition.
We recall an old but appealing proposal of dual superconductor [18–20], stating that the
confining phase can be regarded as a dual type II superconducting state due to the conden-
sation of chromomagentic charges (monopoles), such that the chromoelectric lines between
a quark-antiquark pair are squeezed by dual Meissner effect into flux tubes, as known as the
QCD strings. One may wonder if the hairy black hole scenario in the holographic model
of dual superconductor[6] works just fine by trivially replacing Cooper pairs by monopole
condensate, and the backreacted metric in the [10] might be the confinement geometry in
desire. However, a second thought and straightfoward computation will show this is not the
case. The backreaction of condensate may have resulted to a gapped excitation as shown in
the single electron spectral function [21–23], but the attractive force mediated by phonons
is coulomb-like, rather than a linear potential for flux tube in the dual picture. Then the
challenging task is to find out the appropiate ansatze which can produce the linear potential
while condensation occurs. In this letter, we consider a (2+1)-dimensional dual supercond-
cutor model which has a holographic description of Eisntein-Maxwell-dilaton gravity theory
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in the AdS4. The action is composed of a gravity sector Sg, a matter sector SM for massive
scalars and a dual U(1) gauge field sector SA as follows:
S = Sg + SM + SA,
Sg =
∫
dtdzd~x {R +
6
L2
},
SM =
∫
dtdzd~x {−|∂ψ − iqA|2 +m2|ψ|2},
SA =
∫
dtdzd~x {−
1
4
F 2}. (1)
We will study a class of metric of following general form:
ds2 = −g0(z)dt
2 + g1(z)dz
2 + g2(z)d~x
2 (2)
with
g0(z) =
exp(α(pz/zh)
2)
z2
[1− (
z
zh
)3]
g1(z) =
exp(β(pz/zh)
2)
z2
1
1− ( z
zh
)3
g2(z) =
exp(γ(pz/zh)
2)
z2
(3)
The metric corresponds to a hairy black hole with a flat horizon at z = zh and approaches
asymptotically to AdS as z → 0. One can show by explicit calculation that the oversimplified
ansatz β = γ = 0, which was adopted in the backreacted holographic superconductor such
as one in [10], is unable to produce the linear potential in the confining phase. As shown in
the appendix, the warping factors can be further pinned down to β = α−2
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and γ = 1 − α
after imposing the condition that the onshell action of gravity sector is independent of the
choice of p after regularization. The total free energy is given by summing up onshell action
of all sectors and the value of p is determined by minimizing the total free energy at a given
temperature. The variable α, on the other hand, is a free parameter, which can be fine tuned
to match the tension of flux tube. In practice, the desirable onshell action of gravity sector
Sg should have local minimum only at p = 0, which happens as α is within some range as
shown in the Figure 1.
In the deconfining phase, the solution (2) reduces to the AdS Schwarzschild black hole,
while confining parameter p is zero and the oneshell actions of scalar and gauge sectors are
trivially zero.
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FIG. 1. The onshell action of pure gravity sector versus p for different α. The blue, green,
purple, yellow curves correspond to α =-0.6, 0, 0.2 and 1, respectively. It is obvious that the
blue (α = −0.6) and yellow (α = 1) curves are undesirable since that they have additional local
minimum at some p other than 0.
As temperature decreases, one expects a transition to the confining phase as the the
black hole develops hairs after receiving backreaction from condensate. The scalar field,
which represents the order parameter of chromomagnetic charge condensate, poccesses the
asymptotical form:
ψ = Sz∆− + Cz∆+ + · · · , (4)
with ∆± = 3±
√
9+4m2
2
, where S and C are interpreted as source and condensate, respectively.
We remark that one can also switch the role of source and condensate for a scalar field
in asymptotical AdS4. That would correspond to the condensate of operators with scaling
dimension ∆−. The chemical potential µ and charge density ρ can be read out from the
asymptotic form of gauge field:
φ = µ− ρz +O(z2) (5)
In our simulation, the same boundary conditions adopted in the [6] are imposed, that is,
S = 0 and ρ is fixed at the asymptotic boundary and φ = 0 at the horizon. The condensate
C and chemical potential µ are obtained numerically by the shooting methods. The phase
transition is justified by evaluation of the total onshell action against confining parameter p
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FIG. 2. The relation between the total onshell action S and confining parameter p at different
temperatures. Those curves associated to temperature above Tc usually exhibit a cusp at p = pm
and a cutoff at pM ≃ 2.344, in between the monopole condensation occurs. The blue, purple, yellow
and green curves correspond to the scaled temperatures T/Tc at 1.0, 1.1, 1.2, 1.3, respectively. One
observes competition between local minima p = pM (confining phase) and p = 0 (deconfining phase)
at the temperature T ∗c , which is between 1.1Tc and 1.2Tc, signaling a preconfining phase. There is
only a confining phase when temperature is below Tc. Here we set m
2 = −2, ρ = 71.5 and α = 0.2
for simulation.
at different temperatures. In the figure 2, we see that the confining phase (local minimum at
p = pM) is energetically favored at and below the critical temperture Tc. The preconfining
phase appears when two local minima p = 0 and p = pM competes with each other during
Tc < T < T
∗
c . The confinement/deconfinement phase transition occurs around T
∗
c when the
local minimum p = 0 starts to dominate. Each onshell curve with temperature above Tc
exhibits a cusp at p = pm and a cutoff. The cusp is generated by nontrivial condensate
C, which occurs when p ≥ pm. There is no ground state solution for the scalar φ above
the cutoff. Since confinement appears only when monopoles condensate, one can conclude
that the former phase transition is directly triggered by the latter in the dual supercon-
ductor model. Our model shows that 1.1Tc < T
∗
c < 1.2Tc and predicts the existence of
preconfining phase with a fraction window 0.09 ≤ |Tc − T
∗
c |/T
∗
c ≤ 0.17. We remark that
the preconfing phase did not appear in the previous model[16] and our result agrees with
observation in some nonperturbative approach to thermal SU(2) Yang-Mills theory [25].
Although the dual superconductor model is the an effective Ginzburg-Landau theory which
describes a second-order phase transition for the monopole condensate, we argue that the
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confinement/deconfinement phase transition in our hairy black hole model is of first order.
This is because temperature in our model is not only determined by the horizon but also
the hair, that is
T =
√
f0(zh)f1(zh)
4π
=
3
4πzh
e
2(1+α)p2
3 , (6)
The sudden shift of parameter p at the transition causes a discontinuous jump of horizon
position zh and therefore a first-order phase transition.
FIG. 3. (Left) The U-shaped string can reach the horizon in the deconfinement phase (dotted red)
but gets expelled from infared core in the confinement phase (solid blue). (Right) The string onshell
action Sstr is plotted against the seperation between string end points on the boundary. In the
static configuration, the action can be regarded as the potential between a heavy quark-antiquark
pair. In the deconfinement phase, the Coulomb potential (red, lower branch) is terminated as
the string is sucked into the black hole (red, upper branch). In the confinement phase, the linear
potential (blue) dominates as seperation distance increases.
In the imhomogenous background where monopole condensate occurs locally, one may
expect both confinement and deconfinement coexist in different regions and the color force
lines are squeezed thanks to the dual meissner effect.
One can further confirm both the confinement and deconfinement background by probing
a string of profile z(x), given by the Nambu-Goto action
Sstr =
∫ √
|detgµν |dx =
∫ √
g0(g2 + (z˙)2g1)dx (7)
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FIG. 4. The plot demonstrates in general there exist more than one solution in the condensate
phase. These solutions are intersecting points by contour curves of constant S and ρ (black curve)
in the ψ-φ plane. By calculating the wavefunction ψn(z) at each intersecting point, we find they
correspond to the ground state (n = 0, blue curve), first excited state (n = 1, pruple curve), and
second excited state (n = 2, brown curve), respectively. From viewpoint of boundary theory, those
excited modes are the Kaluza-Klein (KK) monopoles with heavier mass. We use contour curves
S = 0 and ρ = 71.5, parameters α = 0.2, and T = 0.3517 for this simulation.
The string profile in the gravity bulk is plotted against the seperating distance in the left
figure 3. With increasing seperation, the U-shaped string eventually touches the horizon
and breaks in the presence of hairless black hole, indicating the deconfinement phase. In the
confining phase, the string can not enter the infared core of bulk in the presence of hairy black
hole and stay near z ≃ 0.68zh. The horizontal segment of string is responsible to the linear
potential. We remark that string in the confining phase cannot break without introducing
additional dynamic degrees of freedom. The onshell string action can be regarded as the
free energy or potential of static heavy quark-antiquark pair, which is plotted against the
seperation distance D in the right figure 3. In the deconfining phase, though it exhibits a
Coulomb potential for small seperation, no force exists for seperation D > 0.9 in the unit
L = 1 because the string is eventually pulled into the black hole. In the confining phase, on
the other hand, a linear potential has already manifested for seperation D > 0.4.
At last, we would like to address a possible role played by excited modes of scalar hair in
the confining phase. As demonstrated in the figure 4, multiple solutions exist as temperature
well below the critical temperature of condensation. Those solutions correspond to those
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FIG. 5. (Left) The log plot on the right shows the critical temperature (normalized by that of the
ground state) for KK monopole to condensate. The normalized critical temperature for n-excited
state can be approaximated by the relation T
(n)
c
Tc
≃ 0.7n−0.29. (Right) The plot on the right shows
the condensate ratio Cn/C0 for each KK monopole
wavefunctions ψn(z) with n nodes, or excited states. From the point of view of AdS bulk,
the tower of excited modes might be related to the Efimov states due to loss of conformality
[26–28]. From viewpoint of dual theory on the boundary, those excited states are the Kaluza-
Klein (KK) monopoles with effective mass which grows with mode number n. In the figure
5, we plot the critical temperature T
(n)
c and condensate Cn for the first five KK modes.
We observe that the a n-order KK monopole can only be excited at temperature lower
than T
(n)
c . The measured monopoles mass mM would be proportional to the expectation
value of condensate Cn from all avaliable KK modes up to n
∗ at some temperature, that is
mM ∝
∑n∗
n=0 ρnCn. As a result, an increase in monopole massmM is expected as temperature
moves away from the critical point in the confining phase thanks to the growing n∗. We
remark that the KK monopole was condisered as part of a magnetic bion condensation in
some QCD-like theory[29].
In conclusion, we are among the first to construct a holographic model of quark confine-
ment by chromomagnetic monopole condensation. This toy model features a second-order
monopole condensation as well as first-order confinement/deconfinement phase transition,
and it predicts a preconfining phase, which is mostly unseen in the previous holographic con-
struction but observed in other nonperturbative approach. Finally we hypothesize that ex-
cited modes of condensate might contribute to the increasing monopole mass in the confining
phase. Our noval result has provided supportive evidence for the application of holographic
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method and serves as a toy model toward the quark confinement in realistic QCD.
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Appendix A: Warping factors in the background metric
In this appendix, we will derive the relation among parameters α, β, γ in the warping
factors:
g0(z) =
exp(α(pz/zh)
2)
z2
[1− (
z
zh
)3]
g1(z) =
exp(β(pz/zh)
2)
z2
1
1− ( z
zh
)3
g2(z) =
exp(γ(pz/zh)
2)
z2
(A1)
At first, we observe the static U-shaped string profile (7) can be integrated over the
differential
z˙ =
√
g2(z)
g1(z)
(
h(z)
h(zm)
− 1
)
, (A2)
providing the top of string locates at z = zm. Since the function h(z) ≡ g0(z)g2(z)
poccesses the following form
h(z) =
exp((α + γ)(pz/zh)
2)
z4
[1− (
z
zh
)3], (A3)
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one can freely absorb the combination α+γ into redefinition of p, that is to set α+γ = 1.
Furthermore one can eliminate β by a choice of regularization scheme, such that all the
divergent terms to be p-independent in the onshell action of gravity sector. In the other
words, one would use the same counterterm in both confinement and deconfinement phases.
To be specific, the onshell action reads
Sg =
∫ zh
ǫ
Lgdz =
∫ zh
ǫ
√
g0(z)g1(z)(g2(z))2(R(z) + 6)dz =
2
ǫ3
−
(2− α + 3β)p2
z2hǫ
+O(ǫ0),
(A4)
in the unit of L = 1, where the Lagrangian density can be calculated explcitly:
Lg =
e
− p2z2(α+β−2)
2z2
h
z2z2h
(
p2
(
(α+ 3β + 4)
((
z
zh
)3
− 2
)
− 2(α− 8)
))
+
6e
− p2z2(α+β−2)
2z2
h
z4
(
e
βp2z2
z2
h − 2
)
+
e
− p2z2(α+β−2)
2z2
h
z4h
(
2p4
(
2α2 + α(β − 4)− 2β + 3
)(( z
zh
)
3 − 1
))
. (A5)
To make the second term in (A4) vanish for arbitrary p, one can enforce α+3β+2γ = 0,
which gives another constraint to eliminate β.
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